Effective Lagrangian approach to Higgs-mediated FCNC top quark decays 
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The flavor changing neutral current (FCNC) transitions t q H and t q'Vi {Vi — j,g, Z) are 
studied in the context of the effective Lagrangian approach. We focus on the scenario in which these 
decays are predominantly induced by new physics effects arising from the Yukawa sector extended 
with dimension-six SUl{2) x (7y (l)-invariant operators, which generate the most general CP-even 
and CP-odd tq'H vertex at the tree level. For the unknown coefficients, we assume a slightly modified 
version of the Cheng-Sher ansatz. We found that the branching ratio for the Higgs-mediated FCNC 
t —> q'Vi decays are enhanced by two or three orders of magnitude with respect to the results 
expected in models with extended Higgs sectors, such as the general two-Higgs doublet model. We 
discuss the possibilities of detecting this class of decays at the LHC. 

PACS numbers: 



I. INTRODUCTION 



' The fact that the top quark is the only known fermion whose mass is comparable to the electroweak symmetry 
' breaking scale suggests that it may be more sensitive to new physics effects than the remaining known fermions. 
I Furthermore, the new dynamic effects are likely to be more evident in those top quark processes that are forbidden or 
O i' strongly suppressed in the standard model (SM). Therefore, the study of the flavor changing neutral current (FCNC) 
' transitions of the top quark could be the clue to detect new physics effects 0. In the SM, the t — > C7, t cZ, 
and t cH decays have branching ratios of the order of 10~^^ 001; which are too small to be detected at coUider 
(— I I experiments. Any signal of such transitions will thus represent a neat evidence of new physics. So far, most studies on 
■ FCNC top quark transitions have focused on the t cVi decays, with Vi = 7, Z, g. However, since the Higgs boson H 
may be as heavy as the top quark, the electroweak symmetry would also be maximally broken by this particle, thereby 
opening the possibility that some Higgs-mediated FCNC effects could be observed in future experiments. The study 
^ of this scenario is encouraged by the possibility of a common source responsible for both symmetry breaking and 
flavor changing effects, along with the experimental prospects: a copious production of top quark events is expected 
at the CERN large hadron coUider (LHC). 

Although scalar-mediated FCNC effects are strongly suppressed in the SM, they may be more significant in some 
of its extensions. For instance, the general two-Higgs doublet model (THDM-HI) has the simplest extended Higgs 
sector that naturally introduces scalar-mediated FCNC effects at the tree level 0, Q. As a result, in that model 
the scalar-mediated top quark transitions may have branching ratios several orders of magnitude larger that those 
predicted by the SM ^ similar conclusion was reached in the case of Higgs-mediated lepton-flavor violating 

processes Large Higgs-mediated FCNC effects can also be naturally induced in other SM extensions, such as 

the minimal supersymmetric standard model (12i] . 

As already mentioned, FCNC effects can be induced in theories with an extended scalar sector or a larger gauge 
group 0, 0, ■ In the present work we are interested in those new physics effects that induce FCNC top quark 
transitions predominantly mediated by the SM Higgs boson. We will take a similar approach to that used in Ref. [T]| 
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to study Higgs boson-mediated lepton flavor violating effects. We found it convenient to perform a model independent 
study by means of the effective Lagrangian approach (EL A), which is appropriate to investigate new physics effects 
in processes that are forbidden or strongly suppressed in the SM [lil Il4| . In this scheme no new degrees of freedom 
are introduced but the SM ones. We will assume an effective Lagrangian composed of only one Higgs doublet,^ which 
will be taken as the one responsible for FCNCs, which in turn may arise from virtual effects of heavy particles lying 
beyond the Fermi scale. Moreover, motivated by the role played by the Yukawa sector in flavor physics, we will 
assume that the main source of Higgs-mediated FCNC top quark transitions is the Yukawa sector extended with 
dimension-six operators. We would like to emphasize that the scenario that we are interested in is different to that 
arising in models with extended scalar sectors 0, 13 1 which the scalar FCNCs are induced at the tree level by the 
presence of additional Higgs multiplets rather than by virtual heavy particles. 

In the scenario already described, the tq'Vi vertices (q' — u, c) would be necessarily induced at the one-loop level 
via the anomalous tq'H coupling. In fact, all of the tq'Vi couplings but the tq' Z one can only arise at the one-loop 
level in any renormalizable theory. They can be conveniently parametrized through the following effective Lagrangian 

m 



A" 



2cw 



If^ivtq'Z + atq'Zl5)Z^ + {ntq' Z + i^tq' Zl5)<y iJ^uZ'^" 



H.c. 



(1) 



The main goal of this work is to assess the impact of the tq'H vertex on the tq'Vi vertices and thus on the rare 
t — > q'Vi decays. Since the effective Yukawa sector can generate the most general tq'H coupling, it would induce both 
the CP-even and CP-odd tq'Vi couplings at the one-loop level. We believe that this is an interesting scenario as it is 
expected that the Higgs-top dynamics is sensitive to new physics effects. In particular, FCNC effects would be favored 
by the involved mass scales: we will show below that even though the t q'Vi decays are induced at the one-loop 
level by the tq' H vertex, the corresponding amplitudes are unsuppressed because both the external and the internal 
scales, rrit and ttih, are expected to be of the same order of magnitude. The most general tq'H vertex involves two 
unknown parameters: a CP-even one, Ctq'H, and a CP-odd one, etqH, whose order of magnitude can be constrained 
from low-energy data. Since the bounds on these parameters turn out to be somewhat loose, we will adopt a slightly 
modified version of the Cheng-Sher ansatz to estimate them and predict the rates of the FCNC top quark decays. 

The rest of this paper has been organized as follows. In Sec. ^ we will derive the tq' H vertex from the most 
general effective Yukawa-type operators of dimension six, which simultaneously incorporate both FCNC and CP- 
violating effects. Section IHII is devoted to the calculation of the tq'H contribution to the tq'Vi couplings. In Sec. 
IIVI we evaluate the rates of the FCNC top quark decays and discuss the results. Particular attention will be paid 
to emphasize the differences between the scenario discussed in this work and some specific models. Finally, the 
conclusions are presented in Sec. [3 



II. EFFECTIVE YUKAWA SECTOR AND HIGG-MEDIATED FCNC EFFECTS 

It is well-known that the SM Yukawa sector is both flavor- and CP-conserving. FCNC effects can arise at tree 
level in any renormalizable Yukawa sector if more scalar fields are incorporated. However, it is not necessary to 
introduce new degrees of freedom to generate both FCNC and CP-violating effects if Dyson power counting criterion 
of renormalizability is not granted as a fundamental principle when constructing the Lagrangian. Indeed, it is only 
necessary to extend the Yukawa sector with dimension-six operators to induce the most general couplings of the Higgs 
boson to the quarks. A Yukawa sector with those features, which respects the S'L/l(2) x symmetry, has the 

following structure (T^ 

C^fj = -Yf^{Q^<^>d,) - Y^iQ.^u,) - ^($t$)(Q^ci,d^.) _ ^($t$)(Q^$y^.) + H.c, (2) 

where Yij, Qi, $, di, and Ui stand for the usual Yukawa constants, the left-handed quark doublet, the Higgs doublet, 
and the right-handed quark singlets of down and up type, respectively. The constants, which parametrize the 



^ We may also consider an effective Lagrangian composed of an extended scalar sector llSl . but the corresponding FCNC effects would 
have a rather different origin to the one of those described in this work. 
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details of the underlying physics, could be determined once the fundamental theory is known. Since the dimension-six 
operators can be generated at the tree level in the fundamental theory , they would not be suppressed by the loop 
factors as it occurs with those operators that generate the gluon- and photon-mediated FCNC top quark transitions 
at the tree level [TgIITsII. 

After spontaneous symmetry breaking, C^ff can be diagonalized as usual via the unitary matrices V^''^ and V^''^, 



which relate gauge states to mass eigenstates. 
follows: 



The diagonalized Lagrangian can be written in the unitary gauge as 



eff 



- - 1 



2m 
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{DAr^D + uAru) - H 



4m 
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gH 

2m 



w 



(3) 



where M'''" are diagonal mass matrices, whereas U'^ — {u,c,t) and — {d,s,b) are vectors in flavor space. The 
first term in this expression corresponds to the usual Yukawa sector of the SM. The fi"''' matrices, which represent 
the new physics effects, are given by 



u.d 



{- 

V2 VA 



R 



(4) 



To generate scalar-mediated FCNC effects at the tree level it is assumed that neither F"^'' nor a"''* are diagonalized 



by the V^''^ and V^''^ matrices, which should only diagonalize the sum Y^''^ -f a"^'*. Under this assumption, mass and 
interaction terms would not be simultaneously diagonalized as it occurs in the renormalizable sector. In addition, if 



^u,d _i_ Qu,d Lagrangian ||2J) would induce both the CP-even and CP-odd couplings of the Higgs boson to quark 
pairs. The corresponding Lagrangian for the up sector can be written as 



^u.UjH = -HUi{eu,UjH + if-UiUjHlb)Uj -t- H.c, (5) 

where eUiUjH — R^i^fj) and ejjiUjH — InT-i^ij)- In the following, only the first order terms in tUiUjH and ejjiUjH will 
be retained in the transition amplitudes. 

To estimate the FCNC top quark decays we need to assume some values for etq'H and ^tq'H- It turns out that the 
bounds that can be obtained from experimental data are somewhat loose. For instance, the etq'H parameter can be 
bounded using the experimental data on the ntq'-y and Vtq'z parameters [Tgj . The explicit calculation leads to the 
bound |etq'ff| < 0(10), which would yield overestimated predictions for the rates of the FCNC top quark decays. 
We will adopt instead the Cheng-Sher ansatz, which will be slightly modified by introducing the new physics scale A 
instead of the Fermi one v. We will assume that 

etq'H ^Mq' -J^ , (D) 



~ ^mtmq> 

^tq'H — Mq' -J^ ■ [.') 

In this way, a hierarchy given by the relevant scales is automatically introduced, which incorporates the two quark 
masses and the new physics scale. As usual, we will take \tq' ~ Xtq' ~ 1- We find it natural to introduce the 
new physics scale A in order to consider the most general scenario, including those cases that could arise beyond 
renormalizable theories. After using this ansatz for Ctq'H and e^tq'H-: the only free parameters are the SM Higgs boson 
mass and the A scale. Although effective field theories require A to be larger than v, it needs not to be much larger. 
This means that the inclusion of higher dimension operators is necessary if a high precision is to be achieved. The 
scenario in which A is close to v is interesting and will be explored when analyzing the FCNC top quark transitions. 



III. tq'H CONTRIBUTION TO THE tq'Vi COUPLINGS 



In the mqi — approximation, which will be used whenever possible, the tq'V vertex arises from the Feynman 
diagrams shown in Fig. ^ The tq'j and tq'g couplings are induced by the (i)-(iii) diagrams, whereas the tq' Z vertex 
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[Hi] 



FIG. 1: Feynman diagrams contributing to the on-shell tq'Vi {Vi = 7, g, Z and q' = u, c) vertices in the niq/ = approximation. 
The diagrams (iv) and (v), which only contribute to the tq' Z vertex, were evaluated using the unitary gauge. 



receives additional contributions from the (iv) and (v) graphs. The contributions to the Ktq''y and Ktq'-y coefficients 
can be written as follows: 



2Qty/a 
(47r)3/2s2vi/a; 



(8) 



(47r)-^/^S2iya; 

with Qt = 2/3, X = mz/mt, y = mH/mt, and A{y) the loop function given by 

A{y) - 1 + 2m2Co + (2 - y') {Bo{2) - Bo{l)) . (10) 

where Co = Co(rnt , 0, 0, m^y^, , ), Bo{l) = BQ{0,m^,mjy^), and Bo{2) — Bo{m'^,m'^,mfy'^) are Passarino- 
Veltman scalar functions written in the usual notation. 

The contributions to Ktgig and Ktq'g, follow easily after the gsX°'/2 factor is included into the Kfgi^ and Titq'-y 
coefficients. As for the coefficients associated with the tq'Z vertex, they are 



Vtq'Z 



(47r)3/2xS2M/ 



gvttq'HAi{x,y) - igA^tq'HA2{x,y) 



(11) 



a-tq'Z 



{4:'k)'^/'^xs2w 



g\etq'HA2{x,y) - ig^^etq' HAi{x,y) 



(12) 



l^tq'Z 



Ktq'Z 



lOL 



(47r)^/-^xs2VK 



(47r)3/2a;S2H' 



gyetq'HAs{x,y) + ig\ttq' nA^ix^y) 



g\ttq'HA^{x,y) +iglrttq'HA^{x,y) 



where gy — \/2~ (4/3).s^ and g\ ~ 1/2. The Ai functions are given by 



(13) 
(14) 



Ai{x,y) = ^ 



flBo{i) + m',Y.9lCo{i) 



i=l 



(15) 
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i=l 



i=l 



(16) 



fo+ E f!Boi^) + m',J29^(^oi^) 

i=l,i^3 1=1 



(17) 



^4(0:, y) = ^ 



(18) 



with X = 1 — X. The Bo{i) and Co(j) scalar functions together with the /f and gf coefficients are presented in an 
Appendix. As a crosscheck, we have verified that the amphtude for the t q'Z decay reproduces that associated 
with t — > q'7 when gy = I, g\ =0, and x = 0. 

It is straightforward to show that fi = for j = 1 . . . 4, which means that aU of the amphtudes are free of 

ultraviolet divergences. Thus, after introducing the Yukawa-like operators it is not necessary to use a renormalization 
scheme. This is due to the fact that the tq'H vertex has a renormalizable structure. 

It is interesting to analyze the dependence of the loop amplitudes on the Higgs boson mass mn- They are shown in 
Fig. 121 for very large niH and in Fig. |31in the intermediate mn regime. The decoupling nature of the loop amplitudes 
is evident in Fig. [5] Also, since these amplitudes vary smoothly with increasing uih, as observed in Fig. |21 the 
corresponding decay widths will show the same behavior. We can also infer the sensitivity of the tq'Vi vertices to 
the tq'H coupling. From Fig. Elwe can observe that \Ai\ ~ 4|A|, |^2| ^ 6|A|, IA3I - \A\, and IA4I - \A\/2, with 
\A\ ranging from 0.5 to 0.42. This means that the coefficients atq'z and vtq'z associated with the tq'Z vertex are the 
most sensitive to the tq'H vertex. 




900 1000 



FIG. 2: The behavior of the t — > cVi loop amplitudes for a very heavy Higgs boson. 



IV. NUMERICAL RESULTS AND DISCUSSION 

We turn to the numerical results for the t q'Vi and t q'H branching ratios. In terms of the coefficients of the 
effective Lagrangian the branching ratios can be written as 



Br{t ^ q'j) = f ( ^ ) 



(19) 
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1 20 125 1 30 135 140 1 45 150 1 55 160 1 65 1 70 
m^(Gev) 

FIG. 3: The same as in Fig. H but for 120 GeV < mn <170 GeV. 



(20) 



where Ff is the total top quark width. 

As for the t q' Z decay, its branching ratio can be written as 



Br{t -> qZ) = 



a f mt 



As. 



2W 



(Ivtg'zf + latq'zf) 



-6Re{vtq'ZKtq'Z + atq'ZKtq'z) + (2 + x'^) {\Ktq'z\'^ + \Ktq' zY 



(21) 



whereas for the t — > q'H decay we have 



y 



\itq'H? + \etq'H?) 



(22) 



which is a tree level prediction in the effective theory. 

The t cVi and t cH branching ratios depend on itih and A, for which we will consider the ranges 120 GeV 
< niH < 170 GeV and 400 GeV < A < 1000 GeV. In Fig. |3| we show the t —> cV^ and t ^ cH branching ratios versus 
the Higgs boson mass in the scenario in which A = 400 GeV. Since they are proportional to 1/A^, the results for other 
values of A can be easily obtained from this figure. We can see that all these branching ratios, but Br{t cH), vary 
smoothly in the range considered for the Higgs boson mass. The most pronounced variation of this channel is due to 
phase space. We can also observe that the branching ratios for the t — > eg, t 07, t — > cZ, and t — > cH channels can 
reach the maximal values 3.4 x 10~^, 1.7 x 10^'', 2.4 x 10~^, and 2 x 10~^, respectively. Finally, Figs. |31 and [HI show 
these branching ratios as functions of A for tuh = 120 GeV and tuh — 170 GeV. 

It is worth comparing our results with those obtained in some specific models. Although in the SM the FCNC 
top quark decays are strongly suppressed, they may be considerably enhanced in some of its extensions p^. For 
instance, in the THDM-III the t cVi and t cH (with H a SM-like Higgs boson) decays can have large branching 
ratios which are several orders of magnitude above the SM ones. SUSY models with universal soft breaking 

predict branching ratios which are of the same order of magnitude than the SM ones, but this situation is improved 
when the universality is relaxed by allowing a large flavor mixing between the second and third families, in which 
case branching ratios as large as Br{t — > eg) ~ 10~^, Br{t 07) ~ 10~^, and Br{t cZ) ^ 10^® can be reached 
PH , which however are still too small to be detected. On the contrary, SUSY models with broken i?-parity may yield 
enhanced FCNC top quark decays j3 113 ■ This has been summarized in Table Q where we show our predictions 
for the FCNC top quark decays along with those obtained in some specific models. Compared with the THDM-III 
predictions, the ELA prediction for the t eg branching ratio is almost two orders of magnitude lower, whereas 



120 125 130 135 140 145 150 155 160 165 170 
m^(Gev) 



FIG. 4: t ^ cVi and t cH branching ratios as functions of mn for A = 400 GeV. 
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FIG. 5: t ^ cVi and t cH branching ratios as functions of A for rriH = 120 GeV. 
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FIG. 6: The same as in Fig. Elbut for niH = 170 GeV. 

Br(t — > cy) is of the same order, and Br{t cZ) is larger by more than one order of magnitude. In contrast, the 
ELA prediction for Br{t — + cH) is three orders of magnitude larger than in the THDM-III. As far as SUSY models 
with broken i?-parity are concerned, their predictions for the t — > cVi decays are all higher than the ELA results, but 
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TABLE I: Branching ratios for the t cH and t cVi decays in the SM and some of its extensions. The effective Lagrangian 
predictions are displayed in the last two columns for A = 400 and 1000 GeV. The values shown in each column correspond to 
niH = 120 GeV and itih = 170 GeV, respectively. 



Decay 


SM 


THDM-III 


SUSY 


ELA (A = 400) 


ELA (A = 1000) 


t -* eg 


5 -10-" 


10-* - 10-* 


~ 10-^ 


3.4 X 10-^ - 2.3 X 10-** 


5.4 X 10-" - 3.7 X 10-" 


t ^ 


5 X 10"^^ 


lO"'" - 10-" 


~ 10"^ 


1.7 X 10-" - 1.1 X 10-" 


2.6 X 10-* - 1.8 X 10-* 


t cZ 


~ 10-^3 


lo-** - 10-* 


~ 10-* 


2.4 X 10"^ - 1.4 X lO-'^ 


3.9 X 10"^ - 2.3 X 10-*^ 


t cH 


10-14 _ 10-13 


~ lo-** 


~ 10-* 


2 X 10-^ - 2.2 X 10-^ 


3.1 X 10"* - 3.5 X lO-*' 



the respective prediction for the Br{t cH) is below. 

It is important to comment on the main differences between the scenario arising in those models with an extended 
scalar sector and that scenario considered so far, in which Higgs-mediated FCNCs arise from virtual effects of heavy 
particles. As already mentioned, the most popular example of those models with extended scalar sectors is the 
THDM considered in Ref. In that model, dubbed THDM-III, it is assumed that the SM-like Higgs boson couples 
diagonally to the fermions at the tree level, so the t — > cH decay proceeds at the one-loop level due to the exchange of 
virtual h, A and Higgs bosons, which in turn do have nondiagonal couplings to the fermions. As a consequence, 
the respective branching ratio for the t — > cH decay is lower than in the scenario considered in this work. Although 
in the THDM-III the t ch and t cA decays can arise at tree-level and may have large branching ratios, it is 
possible that the h and A Higgs bosons were so heavy that these decays would not be kinematically allowed. As for 
the t cVi decays, they are induced by loops carrying the h and A Higgs bosons. The Feynman diagrams are similar 
to those shown in Fig. ^ although there is no contribution from the (iv) and (v) diagrams, which are not induced in 
the model considered in Ref. ,6ij because the neutral Higgs bosons responsible for FCNC effects do not couple to the 
Z boson at tree level as they do not receive a VEV. 

We now would like to discuss on the possible detection of the FCNC top quark decays at the LHC, which will 
operate as a top quark factory, with a production of about 10^ tt events per year. The dominant mechanism for top 
quark pair production is through qq or gg annihilation, whereas single top quark events can be produced through 
electroweak processes such as Wg fusion or the production of a virtual W boson decaying into th. In this case, the 
cross section is about 1/3 that of production. Although the observability of a particular channel decay depends on 
several factors, in a purely statistical basis those channels with branching ratios larger than about 10"^ — IQ-^ do 
have the chance of being detected. However, background problems and systematics may reduce this value by several 
orders of magnitude depending on the particular signature. For instance, the t ^ eg mode would require a large 
branching ratio in order to be detected as it is swamped by hadronic backgrounds. As far as the t C7, t cZ , 
and t cH decays are concerned, they could be detected even with relatively small branching ratios because they 
would be produced in a cleaner environment. The LHC will have a sensitivity of about 2 x IQ-'' and 3.4 x 10"^ to 
the t cZ and t ^ cj decays, respectively 20j, whereas the sensitivity to t — > cH can be up to 6.5 x 10"^ [23j . 
From the results presented in Fig. ^and Table we can conclude that the t ^ and t ^ cZ decays would hardly 
be detected at the LHC. A similar situation is expected for the t ^ eg mode due to background problems, but the 
t eH decay seems to be more promising. As far as the FCNC top transitions involving the u quark are concerned, 
they are suppressed by a factor of mu/rric and are far from the reach of the LHC. 

Finally, we consider that our estimation for the strength of the tq' H vertex, in which the A scale was introduced 
instead of the Fermi one, is realistic since it describes more appropriately any possible scenario arising from the 
underlying physics responsible for FCNC effects. We believe that this is an interesting situation as a deep link 
between flavor physics and symmetry breaking is possible, thereby favoring this type of processes. 

V. CONCLUSIONS 

The copious production of top quark events expected at the LHC, together with the possibility of detecting the 
Higgs boson at this collider, constitute an incentive for studying Higgs-mediated FCNC top transitions. Due to the 
large mass of the top quark and the Higgs boson, the top-Higgs dynamics is expected to provide a unique scenario to 
probe the physics beyond the electroweak scale. This possibility has been explored in a model-independent manner 
using the effective Lagrangian technique. Under the assumption that FCNC top transitions are predominantly induced 
by the Higgs boson, the most general Yukawa sector extended with dimension-six operators, which generates the most 
general CP-even and CP-odd tq' H vertex, was studied. We adopted a slightly modified version of the Cheng-Sher 
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ansatz to estimate the size of the tq'H vertex. This ansatz comprises three scales: rrig', mj, and the new physics 
scale A. The most promising results are obtained when A is close to the Fermi scale. The main differences with the 
scenario arising in models with extended scalar sectors were emphasized. One of the most remarkably features of the 
scenario considered in this work is the fact that the t — > q'H decay (with H the SM Higgs boson) arises at the tree 
level. It turns out that the top quark decay widths depend only on the Higgs boson mass and the new physics scale, 
and for intermediate values of A they do not change appreciably when ttlh ranges from 120 GeV to 170 GeV. In such 
a scenario, the t eg, t — > C7, and t — > cZ decays have branching ratios several orders of magnitude larger than the 
ones predicted by the SM, but not large enough to be detected at the LHC. As far as the t cH decay is concerned, 
its branching ratio may be up to 10~^, which is at the reach of the LHC. This result is three orders of magnitude 
larger than the THDM-III prediction and one order larger than in SUSY models with broken i?-parity. As for the 
decays with the c quark replaced by the u one, the respective branching ratios are smaller by a factor of mu/rric, and 
thus they would be out of the LHC reach. 
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APPENDIX A: tg'Z LOOP AMPLITUDES 



The scalar functions and the coefficients /f and gf appearing in the tq'Z loop amplitudes 

So(l) = Bo(0,0,m?a;2), 

So (2) - B„imlO,m^ty^), 

Bo(3) = Bo(0,m2,m2x2), 

So(4) = Bo(0,m?y2,m2), 

Bo(5) = BQ{m1x^,ml,ml), 

So (6) = Bo{m'^,m'^,m'^x'^), 

Bo{7) = Bo(TO?x2,m2y^mtV), 

Bo(8) = Bo{mlmy,m^t), 

Co(l) = Co(m^,0,m^x^m(^m^y^m^), 

/'o\ ,^('2n 22 22 2 2 2\ 

Co(3) = Co(mj,0,m4X^,m(y^,0,TOja;^), 
/o — 2 

= 2x^ 

A^ = 2(1 -x^), 

= ~4x\, 

fl = lx[x\y'-S)-2{2y'-3)], 

fi = -l[x'-{2y' + 5)x'-2{2y'-5)], 

fi = -i - 4) +a;2(14-3y^) + 8(2/2-2)], 

gl = 2x^ + x^{y^ + 2y^-7) + 2{y^-2f, 

9l = 2x', 

gl = 2xx{x^ +xy^+), 

fl = \x\\ 

fl = -'^xW 

/I = -2x^(0;^ -1), 

fl = X^ 

fl = -ixHV-3) + 2a;2(2/2-4) + 2(j/2 + l)], 

fl = -\x\x'+2){x^-2y^ + l), 

fl = -3x4 + x2(42/2_3) + 2y2, 

/I = 4ar*^ - a;4(y2 - 2) - 5arV, 

/I = \ [x\v^ - 4) + ar^(14 - 3y2) - 2a;2(y2 + 4) - 2{y^ - 2)] , 



gl = _2a:6 + a;4(y4_2y2 + 7) + 2a;2(y4_2y2_2) + 2, 

gj = 2 + x6(y2 + 3) - 4x'y^ + a;2(2/ - Sy^ + 1) + y^] , 

gl = -2x2x(x4+a;V-2/' + l), 



= 2x\\ 
/I = 4a;2x, 
/I = 2x\\ 

f! = -lx[x'{y' + l) + 2{y'-2)], 
fl = 1x2(5x2 + 6^2-11), 
= -Ax\, 

fi = iK(2/^-4)+x2(6-52/2)-2(y2_2)], 

gf = 2x^{2y^ -l)+x'^{3y^-10y'^ + 3) + 2, 

gl = 2x2 (y2 _ 

gl = 2x2x[x2(y2 + i)_y2^i] , 



/■4 _ _5^2 

Jo — 2 
ft = 2x\\ 
ft = ^x\, 

fi = -x^ 

ft = ^X[a;^(y^ + l)-2(2y2-l)], 

/s = -l[x' + x\6y''-n)+4\, 

fl = -x6 + 3x*-2x2(y2_2)- V, 
/4 = _8x4 + x2(5y2 + 2)+y2, 

/s = [x\y'' - 4) - a;2(52/2 - 14) - 2(y2 + 2)] , 

9t = -(2/'-l)[2x4 + .x2(3?/-7) + 2], 

gt = -2 [(y2 _ !);,« - 2(y2 - 2)x^ + 2,2(^2 _ 5)^2 ^ 2^^] ^ 

gi = 2x2x[x2(y2 + i)_y2^i]_ 



